
MATRIX PERTURBATION ANALYSIS OF METHODS FOR EXTRACTING SINGULAR VALUES - Setting and Analysis

Given Ũ ∈ Rn×r , Ṽ ∈ Rn×r (orthonormal) approximations of the leading singular vectors of A ∈
Rm×n,m ≥ n, extract the first r singular values {σi (A)}ri=1.

• Rayleigh Ritz: σi (A) ≈ σi (Ũ
∗AṼ )

• SVD approximation: σi (A) ≈ σi (AṼ )

• Generalized Nyström:

σi (A) ≈ σi (AṼ (Ũ∗AṼ )†Ũ∗A)

• HMT: AṼ = QR, σi (A) ≈ σi (Q
∗A)

1. Interpret as Perturbation
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2. Matrix Perturbation Result

H :=

[
G1 B

C G2

]
F :=

[
F11 F12

F21 F22

]
Define, for i = 1, . . . , n,

τi =

max{∥B∥2, ∥C∥2} + max{∥F12∥2 , ∥F21∥2}
min
k

|σi − σk (G2) | − 2 ∥F∥2

 .

Then, for all i for which τi > 0, it holds

|σi−σ̂i | ≤ ∥F11∥2+2max{∥F12∥2 , ∥F21∥2}τi+∥F22∥2 τ
2
i ,
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3. Application to Methods

τi =
max{∥Ā12∥2, ∥Ā21∥2}

min
k

|σi − σk
(
Ā22

)
| − 2 ∥EGN∥2

.

Then, for all i for which τi > 0, it holds

|σi − σ
GN
i | ≤

∥∥∥Ā22 − Ā21Ā
†
11Ā12

∥∥∥
2
τ
2
i

• More formal comparison of methods

• Computability

• Oversampling vs No-oversampling?
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