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GN AS A PERTURBATION

GN and Orthogonal Transformations

Consider T1 and T2 orthogonal matrices, then

T∗
1 (MGN,Ṽ ,Ũ)T2 = (T∗

1 MT2)GN,T∗
2 Ṽ ,T∗

1 Ũ

For any orthonormal Ṽ and Ũ, we can:

1. Define Q1 =
[
Ũ Ũ⊥

]
Q2 =

[
Ṽ Ṽ⊥

]
;

2. Consider the transformed matrix: Q∗
1 AQ2;

3. Consider the transformed GN approximation:

Q∗
1 AGN,Ṽ ,ŨQ2 = (Q∗

1 AQ2)GN,Q∗
2 Ṽ ,Q∗

1 Ũ = (Q∗
1 AQ2)

GN,

[
Ir
0

]
,

[
Ir+ℓ
0

] .

→ |σi (A)− σi (AGN,Ṽ ,Ũ)| = |σi (Q
∗
1 AQ2)− σi ((Q

∗
1 AQ2)

GN,

[
Ir
0

]
,

[
Ir+ℓ
0

])|
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GN AS A PERTURBATION

Ṽ :=


r

r Ir

−

n − r 0

, Ũ :=



r + ℓ

r + ℓ Ir+ℓ

−

m − (r + ℓ) 0


, A :=



r

r + ℓ A11 |
− − − −

|
|
|
|
|
|

n − r

A12

m − (r + ℓ) A21 A22



Express AGN as a perturbation of the

original matrix A

AGN,Ṽ ,Ũ = AṼ (Ũ∗AṼ )† Ũ∗A
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Express AGN as a perturbation of the

original matrix A

MM†M = M

AGN,Ṽ ,Ũ =


A11

−

A21

 (A11)
†
[

A11 | A12

]
=



A11A
†
11A11 |

− − −−−− − −−−−−−
|
|
|
|
|
|

A11A
†
11A12

A21A
†
11A11 A21A

†
11A12
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Express AGN as a perturbation of the

original matrix A

M has linearly independent columns

=⇒ M†M = M−1M = M

AGN,Ṽ ,Ũ =


A11

−

A21

 (A11)
†
[

A11 | A12

]
=



= A11︷ ︸︸ ︷
A11A

†
11A11 |

− − −−−− − −−−−−−
|
|
|
|
|
|

A11A
†
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†
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†
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Express AGN as a perturbation of the

original matrix A

AGN,Ṽ ,Ũ = A−



0 |
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|
|
|
|
|
|
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†
11A12

0 A22 − A21A
†
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Error Bound on Singular Values Approximations by GN Lorenzo Lazzarino 5



GN AS A PERTURBATION
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, Ũ :=



r + ℓ

r + ℓ Ir+ℓ

−

m − (r + ℓ) 0


, A :=



r

r + ℓ A11 |
− − − −

|
|
|
|
|
|

n − r

A12

m − (r + ℓ) A21 A22



Express AGN as a perturbation of the

original matrix A

AGN,Ṽ ,Ũ = A−



0 |
− − −−−− − −−−−−−

|
|
|
|
|
|

A12 − A11A
†
11A12

0 A22 − A21A
†
11A12


=: A− EGN

Note: No-oversample (ℓ = 0) → A12 − A11A
†
11A12 = 0, but change of block sizes!
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GN AS A PERTURBATION - WEYL’S BOUND

Weyl’s Theorem

For any matrix M we have that

|σi (M)− σi (M + E)| ≤ ∥E∥2
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MATRIX PERTURBATION
THEORY RESULT
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RESULT ON HERMITIAN MATRICES

Consider the n × n Hermitian matrices

H :=

[
H11 H∗

21

H21 H22

]
, Ĥ := H +

[
E11 E∗

21

E21 E22

]
=: H + E .

Theorem 3.2 (Nakatsukasa, 2012)

Define

τi =

(
∥H21∥2 + ∥E21∥2

minj |λi (H)− λj (H22)| − 2∥E∥2

)
.

Then, for each i , if τi > 0, then

|λi (H)− λi (Ĥ)| ≤ ∥E11∥2 + 2∥E21∥2τi + ∥E22∥2τ2i ,

• τi < 1 necessary to be better than Weyl

• If ∥E11∥2 ≪ ∥E∥2 and λi is far from the spectrum of H22 then τi ≪ 1

• If E11 = E21 = 0 and H21 is small, then λi is particularly insensitive to the perturbation E22

→ bound proportional to ∥E22∥2∥H21∥22
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FROM THE HERMITIAN TO THE GENERAL RESULT

General case

↓
Transform to Hermitian

↓
Obtain necessary

structure

↓
Apply Hermitian Result

↓
Transform back

↓
General Result

Generalize (Nakatsukasa, 2012) to the non-Hermitian/rectangular case:

Consider the 2× 2 block matrix:

G :=

[
G1 B
C G2

]
,

and its perturbation:

Ĝ := G +

[
F11 F12
F21 F22

]
=: G + F .

Strategy: Use a technique in (Li, Li, 2005)
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FROM THE HERMITIAN TO THE GENERAL RESULT

General case

↓
Transform to Hermitian

↓
Obtain necessary

structure

↓
Apply Hermitian Result

↓
Transform back

↓
General Result

Jordan-Wielandt (JW) Theorem

Let {σi (M)}ni=1 be the singular values of a matrix M ∈ Cm×n, with m ≥ n. Then,

the Hermitian matrix [
0 M

M∗ 0

]
(1)

has eigenvalues ±σ1(M), . . . ,±σn(M) and m − n zeros eigenvalues.

G → GJW :=

 0 | G

− − −
G∗ | 0

 =


0 0 | G1 B

0 0 | C G2

− − − − −
G∗
1 C∗ | 0 0

B∗ G∗
2 | 0 0
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↓
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↓
Obtain necessary structure

↓
Apply Hermitian Result

↓
Transform back

↓
General Result

Obtain a matrix similar to GJW suitable for (Nakatsukasa, 2012) and with blocks

reasonably related to the blocks of G
0 G1 | 0 B

G ∗
1 0 | C ∗ 0

− − − − −
0 C | 0 G2

B∗ 0 | G ∗
2 0

 =: Gp

Note: λi (Gp) = λi (GJW )
JW
= ±σi (G)
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FROM THE HERMITIAN TO THE GENERAL RESULT

General case

↓
Transform to Hermitian

↓
Obtain necessary structure

↓
Apply Hermitian Result

↓
Transform back

↓
General Result

Obtain a matrix similar to GJW suitable for (Nakatsukasa, 2012) and with blocks

reasonably related to the blocks of G

Gp =


0 G1 | 0 B

G∗
1 0 | C∗ 0

− − − − −
0 C | 0 G2

B∗ 0 | G∗
2 0



Ĝp = Gp+


0 F11 | 0 F12

F∗
11 0 | F∗

21 0

− − − − −
0 F21 | 0 F22

F∗
12 0 | F∗

22 0

 =: Gp + Fp .
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FROM THE HERMITIAN TO THE GENERAL RESULT

General case

↓
Transform to Hermitian

↓
Obtain necessary

structure

↓
Apply Hermitian Result

↓
Transform back

↓
General Result

Define

τi =


∥∥∥∥[ 0 C

B∗ 0

]∥∥∥∥
2

+

∥∥∥∥[ 0 F21

F∗
12 0

]∥∥∥∥
2

minj |λi − λj

([
0 G2

G∗
2 0

])
| − 2 ∥Fp∥2

 .

Then, for each i , if τi > 0:

|λi (Gp) − λi (Ĝp)| ≤
∥∥∥∥[ 0 F11

F∗
11 0

]∥∥∥∥
2

+ 2

∥∥∥∥[ 0 F21

F∗
12 0

]∥∥∥∥
2

τi +

∥∥∥∥[ 0 F22

F∗
22 0

]∥∥∥∥
2

τ
2
i ,
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FROM THE HERMITIAN TO THE GENERAL RESULT

General case

↓
Transform to Hermitian

↓
Obtain necessary

structure

↓
Apply Hermitian Result

↓
Transform back

↓
General Result

•

∥∥∥∥∥
[

0 M1

M2 0

]∥∥∥∥∥
2

= max{∥M1∥2, ∥M2∥2};

• Jordan-Wielandt theorem

=⇒ |λi (Gp)− λi (Ĝp)| = |σi (G)− σi (Ĝ)|,

for i = 1, . . . , n;

• By Jordan-Wielandt theorem and by construction of Fp :

∥Fp∥2 = ∥F∥2
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FROM THE HERMITIAN TO THE GENERAL RESULT

General case

↓
Transform to Hermitian

↓
Obtain necessary

structure

↓
Apply Hermitian Result

↓
Transform back

↓
General Result

Generalization of result in (Nakatsukasa, 2012)

Theorem (Al Daas, Lazzarino, Nakatsukasa)

Consider the matrices

G :=

[
G1 B

C G2

]
, Ĝ := G +

[
F11 F12

F21 F22

]
=: G + F ,

and define

τi =

(
max{∥B∥2, ∥C∥2}+max{∥F12∥2 , ∥F21∥2}

minj |σi (G)− σj (G2) | − 2 ∥F∥2

)
.

Then, for each i , if τi > 0, then

|σi (G)− σi (Ĝ)| ≤ ∥F11∥2 + 2max{∥F12∥2 , ∥F21∥2}τi + ∥F22∥2 τ
2
i ,
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max{∥B∥2, ∥C∥2}+max{∥F12∥2 , ∥F21∥2}

minj |σi (G)− σj (G2) | − 2 ∥F∥2

)
.

Then, for each i , if τi > 0, then

|σi (G)− σi (Ĝ)| ≤ ∥F11∥2 + 2max{∥F12∥2 , ∥F21∥2}τi + ∥F22∥2 τ
2
i ,

• Generalization to Block Tridiagonal: A Singular Value is insensitive to blockwise perturbation if it is

well-separated from the spectrum of the diagonal blocks near the perturbed blocks.
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BOUND ON GN APPROXIMATION
ERROR
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BOUND ON GN APPROXIMATION ERROR - DERIVATION

Use previous results to obtain a bound on GN singular values approximation error

• A, Ṽ , Ũ → AGN = AṼ (Ũ∗AṼ )†Ũ∗A

• Define Ā = [Ũ Ũ⊥]∗A[Ṽ Ṽ⊥], ĀGN =
(
[Ũ Ũ⊥]∗A[Ṽ Ṽ⊥]

)
GN,

[
Ir
0

]
,

[
Ir+ℓ
0

]

=⇒ ĀGN = Ā−
[
0 Ā12 − Ā11Ā

†
11Ā12

0 Ā22 − Ā21Ā
†
11Ā12

]
=: Ā− EGN
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BOUND ON GN APPROXIMATION ERROR - DERIVATION

Use previous results to obtain a bound on GN singular values approximation error

• A, Ṽ , Ũ → AGN = AṼ (Ũ∗AṼ )†Ũ∗A

• Define Ā = [Ũ Ũ⊥]∗A[Ṽ Ṽ⊥], ĀGN =
(
[Ũ Ũ⊥]∗A[Ṽ Ṽ⊥]

)
GN,

[
Ir
0

]
,

[
Ir+ℓ
0

]

=⇒ ĀGN = Ā−
[
0 Ā12 − Ā11Ā

†
11Ā12

0 Ā22 − Ā21Ā
†
11Ā12

]
=: Ā− EGN

Theorem, Bound on GN Singular Values Approximation Error (Al Daas, Lazzarino, Nakatsukasa)

Define

τi =
max{∥Ā12∥2, ∥Ā21∥2}+

∥∥∥Ā12 − Ā11Ā
†
11Ā12

∥∥∥
2

minj |σi (Ā)− σj

(
Ā22

)
| − 2 ∥EGN∥2

.

Then, for each i , if τi > 0

|σi (A)− σi (AGN)| = |σi (Ā)− σi (ĀGN)| ≤ 2
∥∥∥Ā12 − Ā11Ā

†
11Ā12

∥∥∥
2
τi +

∥∥∥Ā22 − Ā21Ā
†
11Ā12

∥∥∥
2
τ2i

• τi < 1 necessary to be better than Weyl. If σi (Ā) is far from the spectrum of Ā22 then τi ≪ 1
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BOUND ON GN APPROXIMATION ERROR - NUMERICAL EXPERIMENTS - ℓ = 0

• A ∈ R1000×1000

• Uex ,Vex Haar Matrices

• σi (A) exponentially decaying

• [Ṽ ,∼] =qr(A∗Ω, 0)

• [Ũ,∼] =qr(AΩ, 0)

• Ṽ ∈ R1000×200

• Ũ ∈ R1000×200

• Compute pseudoinverses by QR

factorization

σi (AGN,Ṽ ,Ũ ) = σi (AṼ (Ũ∗AṼ )†Ũ∗A)
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• Ũ ∈ R1000×200

• Compute pseudoinverses by QR

factorization
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BOUND ON GN APPROXIMATION ERROR - NUMERICAL EXPERIMENTS - r + ℓ = 1.5r

• A ∈ R1000×1000

• Uex ,Vex Haar Matrices

• σi (A) exponentially decaying

• [Ṽ ,∼] =qr(A∗Ω, 0)

• [Ũ,∼] =qr(AΩ, 0)

• Ṽ ∈ R1000×200

• Ũ ∈ R1000×300

• Compute pseudoinverses by QR

factorization

σi (AGN,Ṽ ,Ũ ) = σi (AṼ (Ũ∗AṼ )†Ũ∗A)
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BOUND ON GN APPROXIMATION ERROR - NUMERICAL EXPERIMENTS - r + ℓ = 1.5r

• A ∈ R1000×1000

• Uex ,Vex Haar Matrices

• σi (A) exponentially decaying

• [Ṽ ,∼] =qr(A∗Ω, 0)

• [Ũ,∼] =qr(AΩ, 0)

• Ṽ ∈ R1000×200

• Ũ ∈ R1000×300

• Compute pseudoinverses by QR

factorization

σi (AGN,Ṽ ,Ũ ) = σi (AṼ (Ũ∗AṼ )†Ũ∗A)
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BOUND ON GN APPROXIMATION ERROR - NUMERICAL EXPERIMENTS - r + ℓ = 1.5r

A

→

Ā

Ã
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→
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BOUND ON GN APPROXIMATION ERROR - NUMERICAL EXPERIMENTS - r + ℓ = 1.5r

Ṽ ∈ R1000×200

Ũ ∈ R1000×300

Size of Ã11 : 300× 200
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BOUND ON GN APPROXIMATION ERROR - NUMERICAL EXPERIMENTS - r + ℓ = 1.5r

Ṽ ∈ R1000×200

Ũ ∈ R1000×300

Size of Ã11 : 200× 200
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BOUND ON GN APPROXIMATION ERROR - NUMERICAL EXPERIMENTS - r + ℓ = 1.5r

σi (A) = ( 1
i
)4

Without oversample (ℓ = 0) With oversample (r + ℓ = 1.5r)
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BOUND ON GN APPROXIMATION ERROR - NUMERICAL EXPERIMENTS - r + ℓ = 1.5r

Rayleigh Ritz (RR)

σi (A) ≈ σi (Ũ
∗AṼ ) =: σi (ARR,Ṽ ,Ũ)

• Ā = [Ũ Ũ⊥]∗A[Ṽ Ṽ⊥]

• |σi (Ā)− σi (Ā
RR,

[
Ir
0

]
,

[
Ir+ℓ
0

])|

• σi (ĀRR)
nnz
= σi

(
Ā−

[
0 Ā12

Ā21 Ā22

])

=⇒ Perform the same analysis and derive a

similar bound!
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BOUND ON GN APPROXIMATION ERROR - NUMERICAL EXPERIMENTS - r + ℓ = 1.5r

Rayleigh Ritz (RR)

σi (A) ≈ σi (Ũ
∗AṼ ) =: σi (ARR,Ṽ ,Ũ)

• Ā = [Ũ Ũ⊥]∗A[Ṽ Ṽ⊥]

• |σi (Ā)− σi (Ā
RR,

[
Ir
0

]
,

[
Ir+ℓ
0

])|

• σi (ĀRR)
nnz
= σi

(
Ā−

[
0 Ā12

Ā21 Ā22

])

=⇒ Perform the same analysis and derive a

similar bound!
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BOUND ON GN APPROXIMATION ERROR - COMPUTABILITY

Provide ideas on how to make the bound computable in practice

For τi > 0, |σi (A)− σi (AGN)| ≤ 2
∥∥∥Ā12 − Ā11Ā

†
11Ā12

∥∥∥
2
τi +

∥∥∥Ā22 − Ā21Ā
†
11Ā12

∥∥∥
2
τ2i

τi =
max{∥Ā12∥2, ∥Ā21∥2}+

∥∥∥Ā12 − Ā11Ā
†
11Ā12

∥∥∥
2

minj |σi (Ā)− σj

(
Ā22

)
| − 2 ∥EGN∥2
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τ2i

(Forward Bound) ĀGN = Ā− EGN =⇒ τi =
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†
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2
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BOUND ON GN APPROXIMATION ERROR - COMPUTABILITY

Provide ideas on how to make the bound computable in practice

For τi > 0, |σi (A)− σi (AGN)| ≤ 2
∥∥∥Ā12 − Ā11Ā

†
11Ā12

∥∥∥
2
τi +

∥∥∥Ā22 − Ā21Ā
†
11Ā12

∥∥∥
2
τ2i

(Forward Bound) ĀGN = Ā− EGN =⇒ τi =
max{∥Ā12∥2, ∥Ā21∥2}+

∥∥∥Ā12 − Ā11Ā
†
11Ā12

∥∥∥
2

minj |σi (Ā)− σj

(
Ā22

)
| − 2 ∥EGN∥2

(Backward Bound) Ā = ĀGN + EGN =⇒ τi =
max{∥Ā11Ā

†
11Ā12∥2, ∥Ā12∥2}+ ∥Ā12 − Ā11Ā

†
11Ā12∥2

minj |σi (ĀGN)− σj (Ā21Ā
†
11Ā12)| − 2 ∥EGN∥2
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BOUND ON GN APPROXIMATION ERROR - COMPUTABILITY - (BB)

Provide ideas on how to make the bound computable in practice

For τi > 0, |σi (A)− σi (AGN)| ≤ 2
∥∥∥Ā12 − Ā11Ā

†
11Ā12

∥∥∥
2
τi +

∥∥∥Ā22 − Ā21Ā
†
11Ā12

∥∥∥
2
τ2i

τi =

=∥Ā12∥2︷ ︸︸ ︷
max{∥Ā11Ā

†
11Ā12∥2, ∥Ā12∥2}+

≤∥Ā12∥2︷ ︸︸ ︷
∥Ā12 − Ā11Ā

†
11Ā12∥2

minj |σi (ĀGN)− σj (Ā21Ā
†
11Ā12)| − 2 ∥EGN∥2
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BOUND ON GN APPROXIMATION ERROR - COMPUTABILITY - (BB)

Provide ideas on how to make the bound computable in practice

For τi > 0, |σi (A)− σi (AGN)| ≤ 2
∥∥∥Ā12 − Ā11Ā

†
11Ā12

∥∥∥
2
τi +

∥∥∥Ā22 − Ā21Ā
†
11Ā12

∥∥∥
2
τ2i

τi =

=∥Ā12∥2︷ ︸︸ ︷
max{∥Ā11Ā

†
11Ā12∥2, ∥Ā12∥2}+

≤∥Ā12∥2︷ ︸︸ ︷
∥Ā12 − Ā11Ā

†
11Ā12∥2

minj |σi (ĀGN)− σj (Ā21Ā
†
11Ā12)| − 2 ∥EGN∥2
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FUTURE WORK
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FUTURE WORK

• More on the difference between oversampled and non-oversampled cases

• More on the strategy to improve the bound;

• Use bounds to formally characterize the differences in behaviors of the different
techniques: GN, HMT, Rayleigh-Ritz;

• Use norm estimation strategies to make the bound fully computable.
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FUTURE WORK

• More on the difference between oversampled and non-oversampled cases

• More on the strategy to improve the bound;

• Use bounds to formally characterize the differences in behaviors of the different
techniques: GN, HMT, Rayleigh-Ritz;

• Use norm estimation strategies to make the bound fully computable.

Thank You!
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BOUND ON GN APPROXIMATION ERROR - NUMERICAL EXPERIMENTS - r + ℓ = 1.5r

Ṽ =qr(A′∗randn(1000, 200));

Ũ =qr(A∗randn(1000, 300));

Size of Ã11 : 180× 175
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