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SPECTROMICROSCOPY INTRO

monochromatic X -rays
Overall Goal: Determine identity and spacial

distributioin of unknown materials contained in the
non-homogeneous sample

1. (Sub)sampling strategy 2. Analysis
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(ONE) TIVATION: SUBSAMPLING IN SPECTROMICROSCOPY

SUBSAMPLING

nxny pixels

SOI8I0U0
u
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(ONE) MOTIVATION: SUBSAMPLING IN SPECTROMICROSCOPY

SUBSAMPLING

nxny pixels

s
@
gﬂ
© 5
3 =M T + E

Now

» Uniform Raster sampling

» LoopedASD (Townsend et al, 2022)
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(ONE) MOTIVATION: SUBSAMPLING IN SPECTROMICROSCOPY

SUBSAMPLING

nxny

D

Now

» Uniform Raster sampling

i1

pixels

\‘ ‘M‘»‘w}\uw i

» LoopedASD (Townsend et al, 2022)

SOI8I0U0

du,

— Importance Sampling

Leverage scores
Zi(E))2 = ||Ud0minant(i7 )”%

In principle, (D) ~ ¢(M)
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(ONE) MOTIVATION: SUBSAMPLING IN SPECTROMICROSCOPY

CUR OVERVIEW

» Near optimal low-rank approximation

» "Motivation” of importance distributions
(theoretical guarantees)

» Natural fit for experimental design

» Gives matrix completion (with interpolation of rows)




(ONE) MOTIVATION: SUBSAMPLING IN SPECTROMICROSCOPY

CUR IMPORTANCE SAMPLING FOR SPECTRO-MICROSCOPY (CURISS)
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Data-driven approach: use a small dictionary matrix
» Determine spectral importance distribution and
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(ONE) MOTIVATION: SUBSAMPLING IN SPECTROMICROSCOPY

CUR IMPORTANCE SAMPLING FOR SPECTRO-MICROSCOPY (CURISS)

» Determine spectral importance distribution and
measure accordingly

» Determine spatial importance distribution

nxny

Measured rows

Encrgy Ey,
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(ONE) MOTIVATION: SUBSAMPLING IN SPECTROMICROSCOPY

CUR IMPORTANCE SAMPLING FOR SPECTRO-MICROSCOPY (CURISS)

» Determine spectral importance distribution and
measure accordingly

» Determine spatial importance distribution

nxny
SE I Measured rows
Energy E, Energy E., Energy E.,

&

Use ARP (Cortinovis, Kressner, 2024)
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(ONE) MOTIVATION: SUBSAMPLING IN SPECTROMICROSCOPY

CUR IMPORTANCE SAMPLING FOR SPECTRO-MICROSCOPY (CURISS)

» Determine spectral importance distribution and
measure accordingly R (Meier, L. Shustin, Al Daas, Quinn, 2026)

» Determine spatial importance distribution

» Sample spatial rows and measure them at all ener-
gies

Completion Error

» Complete the measured dataset using CUR
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ADAPTIVE CURISS (ACURISS)

Goal: Adaptively refine the subsampling, starting from CURISS with initial ratio pg

Refinement

» Completion variation:

1D; — Di_1llr < np
» Spectral variation:
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(ONE) MOTIVATION: SUBSAMPLING IN SPECTROMICROSCOPY

ADAPTIVE CURISS (ACURISS)

Goal: Adaptively refine the subsampling, starting from CURISS with initial ratio pg

Refinement Stopping Criteria
» Completion variation: )
IDi = Di-1llF <np vl o0 eve® e id e
» Spectral variation:
Wik &
& o 3 " X
”Mcluster(Di) - Mcluster(Difl)HF <nm N A &

X
x&/\‘,\)\;\;‘\;‘
* E *\"

| [=~@=Completion (abs) error —g—Spectral (abs) error
—& = Completion variation —@ =Spectral variation

» Problem specific starting point o om o om o1 on aw ow o
Subsampling ratio
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(Clarkson, Woodruff, 2009)

(Nakatsukasa, 2020)

A~ AX( Y*AX)T Y*A =: AGN,X,Y (Woolfe, Liberty, Rokhlin, Tygert, 2008)
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» Nopyp + O(r3 + (m+ n)r?)
» Single-pass
» 2 multiplications by A

Accuracy Stability
F<r—2

r+2¢ | r N
EHA*AGN,X,YHF < 1+ -1 14+ r_F_lllAfAbest,fHF (AX)(Y*AX)IY A

(Nakatsukasa, 2020)
(Tropp et al., 2017),(Nakatsukasa, 2020)
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Generalized Nystrom

X, Y random matrix
AX(YTAX)TYTA

Goal: Estimate the approximation error using only what you already have
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PROBLEM SETTING AND MAIN IDEA

Generalized Nystrom

X, Y random matrix R (Epperly, Tropp, 2024)

AX(YTAX)TYTA

Goal: Estimate the approximation error using only what you already have

|A— AX(Y*AX)TY*A|2

Sketch the residual Leave-one-out
Grandom, |R|| ~ ||RG|| Remove one sample column and use it to
sketch the error
® Good accuracy (-] éMtl)?re) multiplications () Wi tea el vl ® Need fast
® Very small size of G Y we have already formula
sufficient ® G needs to be computed

independent of R
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LEAVE-ONE-OUT FOR SYMMETRIC APPROXIMATIONS

A SPSD matrix, X random matrix [. (Epperly, Tropp, 2024) ]

AX(XTAX)"IXTA
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LEAVE-ONE-OUT FOR SYMMETRIC APPROXIMATIONS

A SPSD matrix, X random matrix [. (Epperly, Tropp, 2024) ]

AX(XTAX)"IXTA

* *
& il
I I I I I I I I
I I I I I I I I
I I I I I I I I
I I I I Cosszoo= I I | I =l |[|[e==sz=cs 2
HA—A X1 X ;X ( X; Al X X ;X ) X; A||
I I I [ B I I I I I A B
I I I I I I I I
I I I I I I I I
| | | [ R I T ! ! ! 9 e s e e = o
* *
X, x;
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LEAVE-ONE-OUT FOR SYMMETRIC APPROXIMATIONS

A SPSD matrix, X random matrix [. (Epperly, Tropp, 2024) ]

AX(XTAX)"IXTA

* *
& il
I I ] I I ' I I
I I ] I I i I I
I I i I I i I I
I I i I 747747021747 17 I i I I 1| iz 2
HA—A X1 % ;X ( X; Al X 1222522 ;X ) X; A||
I I i 1|\ | Erararanzrss I i I I A I e e
I I i I I i I I
I I i I I i I I
| i i [ R I T ! i i 9 e s e e = o
* *
X, x;

1. Remove one column from X
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LEAVE-ONE-OUT FOR SYMMETRIC APPROXIMATIONS

A SPSD matrix, X random matrix [. (Epperly, Tropp, 2024) ]

AX(XTAX)"IXTA

* *
il &

I ' I I I ! ] I

I i I I I 0 i I

I i I I I 0 i I

I i I I 77T I T T T I ( ] I —1| 7277.2:7:7.7 2
||(A—A X1y e 20%00 |Xr ( X; Al XL X a |Xr ) X; A) H

I i I | V| FEerraes I i i [ A e

I i I I I i i I

I i I I I f i I

| i | | | i i |

1. Remove one column from X
2. Use it to sketch the error
3.
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LEAVE-ONE-OUT FOR SYMMETRIC APPROXIMATIONS

A SPSD matrix, X random matrix [. (Epperly, Tropp, 2024) ]

AX(XTAX)"IXTA

* *
gl i
I I I I o |[FEEEEEES I I ] I q |TEEEEEEs
I / I I I I i I
I i I I I I i I
1 < | i 1 | ST TS T T T T | I i I 1| 2o
72 ||<A—A [ RN 47 I X ( Xj Al XL %000 . X ) X
r s I i 1 | Y| EFEEEEEEE I I 1 I N
J I i I I I I i I .
I i I I I I i I -
1 ! 1 L - 1 I 1 1 o
X X!

1. Remove one column from X
2. Use it to sketch the error

3. Sum over all possible indices
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LEAVE-ONE-OUT FOR SYMMETRIC APPROXIMATIONS

A SPSD matrix, X random matrix [. (Epperly, Tropp, 2024) ]

AX(XTAX)"IXTA

x *
Xy X1
| ¥ 1 S o |l | | 1 M 4 T T T
| ¥ 1 | | | 1 |
1< s e A e et
- Z || (A—A L I S ] | Xr ( Xj Al XL 15529551 | Xr ) Xj
r I i 1 | Y| EFEEEEEEE I I 1 I N
=1 I i 1 I I I 1 I
| / 1 | | | 1 |
| i | Y e s e oo = ! ! ] 4 e e o= o
X X
1. Remove one column from X 1 5 1 7 2
_ e = L IRHdsg(Grmgr, =1,
2. Use it to sketch the error
AX = QR
3. Sum over all possible indices = Cheap to compute formula!
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LEAVE-ONE-OUT FOR GENERALIZED NYSTROM

Generalized Nystrom

Low-rank approximation: A general matrix, X, Y random matrix R (L., Pearce, Pritchard, 2026)
AX(YTAX)TYTA
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LEAVE-ONE-OUT FOR GENERALIZED NYSTROM

Generalized Nystrom

Low-rank approximation: A general matrix, X, Y random matrix R (L., Pearce, Pritchard, 2026)

AX(YTAX)TYTA

LEAVE-PAIR-OUT
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LEAVE-ONE-OUT FOR GENERALIZED NYSTROM

Generalized Nystrom

Low-rank approximation: A general matrix, X, Y random matrix R (L., Pearce, Pritchard, 2026)

AX(YTAX)TYTA

Y1
I I i [T
I i ] I .
1 ! | 1 .
1 r | i ] I 7272774277777
—Z‘ yj* (A—A Mo eee mo2gZH e | 5P ( Y
rj=1 I i ] [ I
I i ] I .
I i ] I :
! i 1 I B i e
v

LEAVE-TWINS-OUT
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LEAVE-ONE-OUT FOR GENERALIZED NYSTROM

Generalized Nystrom

Low-rank approximation: A general matrix, X, Y random matrix R (L., Pearce, Pritchard, 2026)

AX(YTAX)TYTA

1 | | }

1 | | |

1 | | /

1 | T T T T s | |

[(a=a]x 529 1 x| ( 7 Al oo
1 | | }

1 | | }

1 | | |

‘ | | i

-
Il
N

LEAVE-RIGHT-OUT
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LEAVE-ONE-OUT FOR GENERALIZED NYSTROM > Cheap to compute formula
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LEAVE-ONE-OUT FOR GENERALIZED NYSTROM > Experiments

Froebinius Norm Error

101

1073

10-°

107

10—

10-11

10-13

SVD

Error
L
LR
“
.
‘e
o
L
*.
-
.
-
‘a
‘e
. -
. .
wsmt %
.
.
.
‘e
A,
‘e
‘e
R N
! ! | ! | | | | | | | |
20 40 60 80 100 120 140 160 180 200 220 240 260

Rank of Approximation




A-POSTERIORI ERROR ESTIMATE: GN
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LEAVE-ONE-OUT FOR GENERALIZED NYSTROM > Experiments

10t

10-°

Froebinius Norm Error

10-8

10-1

10-1

Error

20 40 60 80 100 120 140 160 180 200 220 240 260
Rank of Approximation
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LEAVE-ONE-OUT FOR GENERALIZED NYSTROM > Experiments
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Leave-right-out for CUR

Estimate the approximation error blindly

1A~ CURIPZ
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MAIN CHARACTER AND PROBLEM SETTING

Estimate the approximation error blindly

|A— CURIZ
C
10° - .
Leave-right-out for CUR
107! - .
» Biased estimator X~
» Problem with "lack of randomness” %+ % R .
% X5 9" - X
» Not reliable in general (we'll see it later) 107° | | | | X ]

0 200 400 600 800 1,000
Rank
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BLIND ERROR ESTIMATE FOR CUR

Proposed estimator
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Proposed estimator

1. Select extra columns
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BLIND ERROR ESTIMATE FOR CUR

Proposed estimator

1. Select extra columns

» Which extra columns?

» How many extra columns?
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A-POSTERIORI ERROR ESTIMATE: CUR

BLIND ERROR ESTIMATE FOR CUR

Proposed estimator

1. Select extra columns

» Which extra columns?

» How many extra columns?

2. Compute the error "on the extra column”

H “ m I

L.LAZZARINO
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BLIND ERROR ESTIMATE FOR CUR > Does it work?

Exponential decay

107 - .
107° T
107° T
—oe— Spectrum
“13 L -e- CUR error |
LU I I | | |

50 100 150 200 250
Rank

» Haar distributed singular vectors
» CUR via Sketch QR
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BLIND ERROR ESTIMATE FOR CUR > Does it work?

Exponential decay

107" - .
107° = .
10-° _
—oe— Spectrum
-e- CUR error
= 3= Estimate
—13 || _
1 I I 1 1 I

50 100 150 200 250
Rank

» Haar distributed singular vectors
» CUR via Sketch QR
» 5 uniform sampled extra columns

» 10 trials
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BLIND ERROR ESTIMATE FOR CUR > Does it work?

Exponential decay Frankenstein matrix

10" E 3
10! - - F C06660666060606090 ]

1075 - =
10° £ E
107° . r 1
—e— Spectrum L i

-e- CUR error

5 _
_ = )= Estimate 10° E E
1077 [ I I | ] El I I I I 19

o

50 100 1;,0 200 250 200 400 600 800 1,000
Rank Rank

» Haar distributed singular vectors

» CUR via Sketch QR

» 5 uniform sampled extra columns

» 10 trials

» A = blockdiag{cauchy, golub, randcorr, hilb}

» CUR with first columns/rows




A-POSTERIORI ERROR ESTIMATE: CUR

BLIND ERROR ESTIMATE FOR CUR > Does it work?

Exponential decay Frankenstein matrix

" 0000000000
10! - - F ]
107° - -
10° E =
10~° - [ ]
—e— Spectrum L i
-e- CUR error
5 L —
_ = )= Estimate 10° E E
1077 [ I 1 | | ] El | | | | 13
50 100 150 200 250 0 200 400 600 800 1,000
Rank Rank
> ey ehsarliid s gl vedes » A = blockdiag{cauchy, golub, randcorr, hilb}
- ElUIR v Sl QIR » CUR with first columns/rows
> 3/uniferm sampled extra columns » 5 uniform sampled extra columns
> 10 trials » 10 trials




A-POSTERIORI ERROR ESTIMATE: CUR

BLIND ERROR ESTIMATE FOR CUR > How many extra columns?

A with algebraically decay singular values, Haar distributed singular vectors;
target rank = 10, exact rank = 15 (fixed or doubled)

Fixed rank Increased rank
512 L 512 -
—6

256 | = 256 —|

128 — = 128 |

2 64 - 2 64
= E

2 324 = 2 32+
o i o
o o

@ 16 - L s 16 -
° £

i 8 — E i) 8 —

4 - - 4

2 - = 2 -

—10
1 = 1
0I Q‘ QI QI QI 0I b‘ QI QI B‘ QI b‘ QI QI Q‘ QI %‘ QI 0I
P W DO KRR D P W DD PR D Y
MR RN NSO Y
rows of A rows of A
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A-POSTERIORI ERROR ESTIMATE: CUR

BLIND ERROR ESTIMATE FOR CUR > Quality of estimator

Theory

» Unbiased estimator

» Let J be the set of indices corresponding to selected columns in the CUR. Let / be a random subset of
{1,...,n}\ /, and py > 0 be the probability of k € /. Let S; be the matrix whose columns are scaled
canonical vectors indexed by /, with scaling wy > 0 for the column corresponding to the index k € /. Then,

I(A— CUR)SIIIZ ~E[I(A— CUR)SIIZ] (_maxiw}
||(A— CUR)SIH% 2mink pkwi7

» Also,

E[|A — CUR|2 = [I(A— CUR)S/[I2]?
1A= CURI[E

< (max(1 — py))*




A-POSTERIORI ERROR ESTIMATE: CUR

BLIND ERROR ESTIMATE FOR CUR > Quality of estimator

Practice

mbeem Error CUR

= #= Estimate

Bootstrap mn C| lower
10° s C| upper

Provide uncertainty sets for the estimate by:

» Repeatedly resample from observed data to
create many simulated datasets

» Compute statistic on each one to build an
empirical distribution of it

102.5

Experiment: Chan 10000 x 10000 matrix

Bootstrap: Column norm of residual at the extra
columns on first trial

| | | | | | | | | |
S D XSS DS S S S
RN O R L RN S

target rank




A-POSTERIORI ERROR ESTIMATE: CUR

BLIND ERROR ESTIMATE FOR CUR > Quality of estimator

Practice

[ ] min—max range
Bootstrap @= median

Provide uncertainty sets for the estimate by: 400

» Repeatedly resample from observed data to
create many simulated datasets

» Compute statistic on each one to build an
empirical distribution of it

200 -

Experiment: Chan 10000 x 10000 matrix

Bootstrap: Column norm of residual at the extra 0
columns on first trial

T YT N T T O
4 6 8 10 12 14 16 18 20 2

extra columns

T
2 24 26




A-POSTERIORI ERROR ESTIMATE: CUR

BLIND ERROR ESTIMATE FOR CUR > Spectromicroscopy

-e- CURISS completion error

107!

| | | |
0 0.1 0.2 0.3

Subsampling ratio

» Spectromicroscopy datasets
» CUR via CURISS (presented at the start)

1071

1071.5

| |

0.1 0.2

Subsampling ratio




A-POSTERIORI ERROR ESTIMATE: CUR

BLIND ERROR ESTIMATE FOR CUR > Spectromicroscopy

—0.5 | ol r B
e X -e- CURISS completion error
= )= Estimate
107! - .
10-15 | -
I I I I 107% g [ I -
0 0.1 0.2 0.3 0 0.1 0.2 0.3
Subsampling ratio Subsampling ratio
» Spectromicroscopy datasets » 2 extra spatial rows

» CUR via CURISS (presented at the start) » 100 trials




THANK YOU!

ERROR ESTIMATIONS FOR RANDOMIZED LOW-RANK APPROXIMATIONS

LORENZO LAZZARINO
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